Nordic Journal of Computing 14(2008), 151-172.

ON THE COMPLEXITY OF VARIATIONS OF EQUAL
SUM SUBSETS

MARK CIELIEBAK
Institute of Theoretical Computer Science, ETH Zirich
8092 Ziirich, Switzerland
mark@dreamboxx.com

STEPHAN EIDENBENZ
Los Alamos National Laboratory
CCS-5, MS M997, PO Box 1663, Los Alamos, NM87545
Los Alamos National Laboratory Publication No. LA-UR:04-4791
eidenben@lanl.gov

ARIS T. PAGOURTZIS
School of Electrical and Computer Engineering
National Technical University of Athens
Polytechnioupoli, 15780 Zografou, Athens, Greece
pagour@cs.ntua.gr

KONRAD SCHLUDE
Institute of Theoretical Computer Science, ETH Ziirich
8092 Ziirich, Switzerland
schlude@inf.ethz.ch

Abstract. The EquaL Sum Sussets problem, where we are given a set of positive integers
and we ask for two nonempty disjoint subsets such that their elements add up to the same
total, is known to be NP-hard. In this paper we give (pseudo-)polynomial algorithms
and/or (strong) NP-hardness proofs for several natural variations of EquaL Sum Sussers.
Among others we present (1) a framework for obtaining NP-hardness proofs and pseudo-
polynomial time algorithms for EquarL Sum Susserts variations, which we apply to variants
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pseudo-polynomial time algorithm for the case where we ask for two subsets such that the
ratio of their sums is some fixed rational r > 0, (3) a pseudo-polynomial time algorithm for
finding k subsets of equal sum, with k = O(1), and a proof of strong NP-hardness for the
same problem with k = Q(n), (4) algorithms and hardness results for finding k equal sum
subsets under the additional requirement that the subsets should be of equal cardinality.
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1. Introduction

In this paper, we study the complexity of variations of EquaL Sum Sussers (ESS),
which is defined as follows: Given a set A of n positive integers, are there two
nonempty disjoint subsets X,Y < A such that their elements sum up to the same
total?

The problem EquaL Sum Susserts is a relaxation of Partiion in the sense that
we do not require the two subsets to cover all input numbers. PartrTion is a spe-
cial case of another well-known problem Susser Sum, where the goal is to find
one subset whose elements add up to a particular value; Susser Sum, in turn, is
a special case of Knapsack. EquaL Sum Sussers can be also seen as a variation
of Biv Packing with exactly two bins, if we require that both bins should be filled
to the same level and not insist on necessarily using all the elements. An even
more related problem is a generalization of Knapsack, called MurripLe KNaPsAck,
in which there are several knapsacks instead of only one. PartitioN, SUBSET Sum,
Knapsack, MurripLe Knapsack, and Bin Packing, as well as many variations of
them, are all NP-hard problems with numerous applications in production plan-
ning and scheduling (see for instance [Martello and Toth 1990] for a survey).
They all admit pseudo-polynomial time algorithms that lead to polynomial time ap-
proximation schemes for the corresponding optimization versions [Ibarra and Kim
1975],[Lawler 1979], [Kellerer 1999],[Chekuri and Khanna 2005],[de la Vega and
Lueker 1981],[Karmarkar and Karp 1982].

Our particular interest in EquaL Sum Sussers comes from computational biology,
namely from its connection to the PartiaL Dicest problem. We briefly illustrate this
connection; more details can be found in [Cieliebak 2003]. In the PartiaL Digest
problem we are given a multiset D of distances and are asked to find coordinates
of points on a line such that D is exactly the multiset of all pair-wise distances of
these points. PartiaL Dicest is a basic problem from DNA sequencing [Setubal
and Meidanis 1997],[Pevzner 2000]. Neither a polynomial-time algorithm nor a
proof of NP-completeness is known for this problem. In [Cieliebak et al. 2003] it
is shown that PartiaL Dicest is NP-hard if some of the distances are missing in the
input, which is usually the case for real-life data; the proof of this result is done by
reduction from EquaL Sum SuBsETs.

Regarding the complexity of EquaL Sum Susskrs, it is known that it is NP-
complete [Woeginger and Yu 1992] and that it admits a pseudo-polynomial al-
gorithm [Bazgan et al. 2002] as explained below. Bazgan, Santha and Tuza [Baz-
gan et al. 2002] study an optimization version of EquaL Sum Sussers, which they
call Susser-Sums Rarro, in which the ratio of the sums of the two subsets should
be as close to 1 as possible. They give a pseudo-polynomial time algorithm for
Susser-Sums Rartio which leads to an FPTAS for the problem; the first part of that
algorithm is in fact a pseudo-polynomial algorithm for EquaL Sum Sussers with
time complexity O(n?S), where S is the sum of all numbers in the input set A. It
should be also mentioned that Susser-Sums Rarro was first defined in [Woeginger
and Yu 1992] (stated as ‘computing the similarity number of a set’) and a simple
1.324-approximation algorithm was given there. To the best of our knowledge, no
other results concerning EquaL Sum Susets have appeared in the literature.
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As observed in [Bazgan et al. 2002], an interesting special case of EquaL Sum
Sussets is defined if we restrict the sum of the n given numbers to be smaller
than 2" — 1; then at least two of the 2" — 1 non-empty subsets of the numbers
must have equal sum, hence, the decision version of EquaL Sum Sussets becomes
trivial. In other words, the search version of EquaL Sum Sussers for instances with
total sum < 2" — 1 is guaranteed to always have a solution and therefore belongs
to the class of function problems TFENP [Meggido and Papadimitriou 1991]; what
is quite intriguing is that, while it is unlikely that this problem is FNP-complete
(FNP is the function analog of NP), no polynomial-time algorithm for finding the
(undoubtedly existing) two equal sum subsets is known [Papadimitriou 1994].

In order to better understand EquaL Sum Sussers as a combinatorial problem,
we study different natural variations of the problem, which we introduce in the
following. A summary of our results is shown in Table I.

1.1 Variations of two equal sum subsets

In some settings, it is required that the two subsets fulfil additional requirements.
One such requirement is that the subsets have to respect a given set of exclusions,
for instance if we want to find groups of people for medical experiments that fulfil
some interaction restrictions. This yields the following problem definition, where
sum (S) = >y X denotes the sum of all elements in set S.

DerniTion 1. (ESS with ExcrLusions) Given a set A of n positive integers and an
exclusion graph Gex = (A, Eex), are there two nonempty disjoint subsets X,Y C A
with sum (X) = sum (Y) such that each of the two sets is an independent set in Gx?

The problem ESS with Excrusions is obviously NP-complete, since EquaL Sum
Susskrs IS its special case where the exclusion graph is empty. We give a pseudo-
polynomial time algorithm for this problem in Section 3.1, using a dynamic pro-
gramming approach similar-in-spirit to the one used for finding two equal sum
subsets (without exclusions) [Bazgan et al. 2002].

If we do not want to exclude elements, but on the contrary we want to ensure
that some numbers of the input occur in the subsets, then this yields the following
two problems: In ESS with EnxrForcep ELEMENT We enforce one element of the
input numbers, say the last, to be in one of the subsets; in ALTERNATING EQuaL Sum
Sussers We have for each input number a “partner”, and if a number occurs in
one set, then its partner has to be in the other set. This problem is the “partial”
equivalent of a variation of Partition [Garey and Johnson 1979, p. 223] which we
call ALTERNATING PARTITION.

We show in Sections 3.2 and 3.3 that both problems above are NP-complete,
by reducing ALTErNATING ParTiTION tO the former and EquaL Sum Susskets to the
latter, respectively; we present pseudo-polynomial time algorithms for both prob-
lems. We would like to point out at this time that the reductions for showing NP-
completeness are not too involved; however, we present them in this work for two
reasons: first, to make the reader become familiar with our vector representation
for large numbers (see below); and second, because the technique used can serve
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as a framework for obtaining NP-hardness proofs for several other variations of
EquaL Sum Sussets. In fact, Cieliebak [Cieliebak 2003] has used this framework
to prove NP-completeness for several variants of EquaL Sum Sussers where the
solution elements can be selected from two different sets, instead of one.

We then study the relaxation of EquaL Sum Sussers that asks for two subsets
such that the ratio of their sums is exactly r, for some fixed rational r > 0. This
problem, that we refer to as Factor—r Sum Susskrs, is very closely related to the
minimization version of EquaL Sum Sussets studied in [Bazgan et al. 2002]. In
Section 4, we show that Factor—r Sum Sussets is NP-complete for any rational
factor r > 0, by giving two reductions from Exact 3-SAT: one that works for all
r > 0 with r ¢ {1,2,4}, and one that works for the cases r = 2 and r = 1. The
case r = 1is just EquaL Sum Sussets. We also present a pseudo-polynomial time
algorithm for this problem too.

1.2 Variations of k equal sum subsets for k > 2

In the second part of the paper, we turn to the generalization of EquarL Sum Susets
where we do not ask for only two, but for k disjoint equal sum subsets from a given
set of numbers, for a given k > 2:

Dermnition 2. (K EqQuaL Sum Sussers) Given a multiset of n positive integers A =
{ai,...,an}, are there k nonempty disjoint subsets Sq,...,Sk C {a1,...,an} such
that sum (S1) = ... =sum(Sg)?

Observe that we allow multisets here, in contrast to EQuaL Sum Sussets, which
becomes trivial if any number occurs more than once in the input. Note also that if
we require that our subsets yield a full partition of the given numbers, our problem
would turn into a variation of Partrrion with k sets instead of 2.

We first show in Section 5.1 that k EquaL Sum Susserts is NP-complete for any
integer k > 2, by giving a reduction from ArrernaTING ParTITION. Then we study the
influence of parameter k on the complexity of k EquaL Sum Sussers in more depth.
We have introduced parameter k for the number of equal size subsets as a fixed
constant that is part of the problem definition. An interesting variation is to allow
k to be a (fixed) function of the number of input elements n, e.g. k = 2 for some
constant g. In the sequel, we will always consider k as a function of n; whenever

k is a constant we simply write k = O(1). In Section 5.2, we present a dynamic

programming algorithm for k EquaL Sum Sussers with running time O L‘E—j), where

n is the cardinality of the input set and S is the sum of all numbers in the input set;
the algorithm runs in pseudo-polynomial time for k = O(1). On the other hand, we
show that k EQuaL Sum Susskts is strongly NP-complete for k = Q(n). We obtain
this result by giving a reduction from 3—Parrrrion.

We then return to the case where k is a fixed constant. The definition of k EquaL
Sum Sussets corresponds to the situation in which it is allowed to form subsets
that do not have the same number of elements. In some cases, this makes sense;
however, we may also wish to have the same number of elements in each subset.
Such problems occur for instance when we are given a set of, say, soccer players,



COMPLEXITY OF EQUAL SUM SUBSETS 155

together with values that represent their strength, and we want to compose teams
of equal strength and size to play a tournament. We study three variations of k
EquaL Sum Sussers with equal cardinalities, where either the cardinality is a fixed
constant, i.e., part of the problem definition (k ESS or CArDINALITY C), OF We Specify
the cardinality of the subsets in the input (k ESS or SpeciFiED CARDINALITY), OF We
only ask for subsets of equal cardinality, but do not specify their cardinality at all
(k ESS oF EqQuaL CARDINALITY).

In Section 5.3, we first observe that there is a simple polynomial time algorithm
for k ESS or CarbinaLITY C that uses exhaustive search and runs in time O(rf€),
which is polynomial in n, since the two parameters k and c are fixed constants.
We then show that, on the other hand, k ESS orF Speciriep CarpINALITY and k ESS
or EquaL CarpinaLiTy are NP-complete. To establish this result, we give a reduc-
tion from ArrernaTING PartrTION tO the first problem; a similar reduction can be
used to prove NP-completeness for the second problem. In addition, we show that
none of these two problems can be strongly NP-complete, by presenting a dynamic
programming algorithm that solves them in pseudo-polynomial time.

2. Notation

We do not distinguish between sets and multisets in our notation, and denote a
multiset with elements 1,1,3,5,5, and 8 by {1,1,3,5,5,8}. Subtracting an ele-
ment from a multiset will remove it only once (if it is there), thus {1, 1, 3,5,5, 8} —
{1,4,5,5} = {1, 3, 8}. For a set or multiset S we denote by |S| the cardinality of S,
e.g.{1,1,3,5,5,8}| = 6. We denote by sum (S) the sum of all elements in a set or
multiset S, i.e., sum(S) = > 4es X. E.g. sum({1,1,3,5,5, 8}) = 23. For simplicity,
we slightly abuse standard terminology and call two subsets X, Y of a given mul-
tiset A = {a,...,a,} disjoint if there are disjoint (in the usual sense) subsets of
indices Ix, Iy € {1,...,n} such that X = Uje {ai} and Y = Ujey, {aj}; note that X
and Y may be multisets as well.

We introduce a vector representation for large numbers that will allow us to add
up numbers digit by digit, like polyadic numbers. The numbers are expressed
in the number system of some base Z. We denote by (a,...,a,) the number
Y 1<ien @Z™"; we say that a; is the i-th digit of this number. In our proofs, we will
choose base Z large enough such that the additions that we will perform do not
lead to carry-overs from one digit to the next. Hence, we can add numbers digit by
digit. The same holds for scalar multiplications. For example, having base Z = 27
and numbers a = (3,5,1),8 =¢2,1,0), then o + 8 = (5,6,1)and 3- a = (9, 15, 3).
We define the concatenation of two numbers by (a,...,a,) o {(b1,...,by) =
(ag,...,an,b1,...,by), i.e,, @ o B = aZ™ + B, where m is the number of digits
in B. Let Ap(i) := (0,...,0,1,0,...,0) be the number that has n digits, all 0’s
except for the i-th position, where the digit is 1. Moreover, 1, :=(1,...,1) hasn

digits, all 1’s, and O, := (0, ..., 0) has n zeros. Notice that 1, = %
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Tasee I: A summary of our results. All results are new, except those of the first line which concern
our archetypical problem EquaL Sum Sussers.

Equal Sum Subsets (ESS) Variations

Problem Hardness Result Complexity
Upper Bound
EquaL Sum SusseTs (ESS) NP-hard  [Woeginger | O(n?-S)

and Yu 1992], pseudo-
poly algorithm [Bazgan

et al. 2002]

ESS witH ExcLUSIONS NP-hard, pseudo-poly | O(n?-S)
algorithm

ESS witH ENFORCED ELEMENT NP-hard, pseudo-poly | O(n?-S)
algorithm

ALTERNATING EqQuaL Sum Susers | NP-hard,  pseudo-poly | O(n? - S?)
algorithm

FACTOR—T SuM SUBSETS NP-hard, pseudo-poly | O(n® - S?)
algorithm  for  any
rational r > 0

k EquaL Sum Susserts (k ESS) NP-hard, pseudo-poly O(E%)
algorithm for any fixed
constant integer k > 2
strongly NP-hard fork =
Q(n)

k ESS oF CARDINALITY C in P for any fixed con- | O(n*°)
stant integers k > 2,
c>1

k ESS orF Speciriep CarpiNaLITY | NP-hard,  pseudo-poly O(%)
algorithm for any fixed
constant integer k > 2

k ESS oF EqQuaL CARDINALITY NP-hard, pseudo-poly O(%)
algorithm for any fixed
constant integer k > 2

3. Complexity of Equal Sum Subsetswith Selection Constraints

3.1 Element exclusion

In this section, we study variations of EquaL Sum Sussets where we add specific
requirements that a solution must fulfil. In particular, we study variations where the
two subsets take into account some exclusions or enforcement of specific elements
of the input.

We first study the problem ESS wita ExcLusions, where we are additionally given
an exclusion graph (or its complement: a preference graph) and ask for two sub-
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sets of equal sum that take this graph into account (cf. Definition 1). Obviously,
ESS with Excrusions is NP-complete, since EquaL Sum Susskrs is the special case
where the exclusion graph is empty (Eex = 0) and EquaL Sum Sussets is NP-
complete [Woeginger and Yu 1992]. Here, we present a pseudo-polynomial algo-
rithm for the problem, using a dynamic programming approach similar-in-spirit to
the one used for finding two equal sum subsets (without exclusions) [Bazgan et al.
2002].

Tueorem 1. ESS wita ExcLusions can be solved in pseudo-polynomial time O(r? -
S), where S = sum (A).

Proor. Let A = {aj,...,an} and Ggx = (A, Eex) be an instance of ESS with
Excrusions. We assume w.1.0.g. that the input values are in increasing order, i.e.,
a; <...<ap

We define Boolean variables F(k,t) fork € {1,...,n}andt € {1,...,S}. Variable
F(k,t) will be TRUE if there exists a set X € A such that X C {ay, ..., ak}, ak € X,
sum(X) = t, and X is independent in Gex. For a TRUE entry F(k,t), we store a
corresponding set X in a second variable X(k, t).

We compute the value of all variables F(k,t) by iterating over t and k. The
algorithm runs until it finds the smallest t € {1,...,S} for which there are two
different indices k, £ € {1,...,n} such that F(k,t) = F(¢,t) = TRUE; in this case,
sets X(k, t) and X(¢, 1) constitute a solution because sum (X(k, t)) = sum (X(¢,1)) =
t, both sets are disjoint due to minimality of t, and both sets are independent in G.

We initialize the variables as follows. For all 1 < k < n, we set F(k,t) = FALSE,
forl1 <t < a and for Z'le aj <t < S; moreover, we set F(k,a) = TRUE and
X(k,ax) = {ax}. Observe that these equations define F(1,t), for1 <t < S, and
F(k,1),forl1 <k <n.

After initialization, the table entries for k > 1 and & < t < XX & can be
computed recursively: F(k,t) is TRUE if there exists an index £ € {1, ...,k—1} such
that F(¢,t — ax) is TRUE, and such that the subset X (¢, t — &) remains independent
in Ggx when adding ax. The recursive computation is

k-1

Fiot)y = \/IF(Gt-a) A VaeX(6t-a), (@ a) ¢ Eel.
=1

If F(k, t) is set to TRUE due to F(¢, t—ay), then we set X(k, t) = X(¢, t—ax) U{ak}.
The key observation for showing correctness is that for each F(k,t) considered by
the algorithm there is at most one F(¢,t — &) that is TRUE, for 1 < ¢ < k —
1; if there were two, say ¢1, £, then X(£1,t — ax) and X(¢£>,t — ax) would be a
solution for the problem instance, and the algorithm would have stopped earlier—
a contradiction. This means that all subsets considered are constructed in a unique
way, and therefore, no information can be lost.

In order to determine the value F(k, t), the algorithm considers k — 1 table entries.
As shown above, only one of them may be TRUE; for such an entry, say F(¢, t—&),
the (at most ¢) elements of X (¢, t—a) are checked to see if they exclude a. Hence,
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the computation of F(k,t) takes time O(n), and the total time complexity of the
algorithm is O(n? - S). o

3.2 Element enforcement

If we do not want to exclude elements, but on the contrary, we want to ensure that
a specific element of the input occurs in one of the two equal sum subsets, then this
is the ESS with ENForRCED ELEMENT problem:

DerintTioN 3. (ESS with EnForcep ELEMENT) Given aset A = {aq, ..., a,} of n pos-
itive integers, are there two disjoint subsets X,Y < A with sum (X) = sum (Y) such
that a,, € X?

We show that this problem is NP-complete by reduction from ALTERNATING PAr-
TITION.

THeOREM 2. ESS with ENFORCED ELEMENT IS NP-complete.

Proor.  The problem is obviously in NP. For the proof of NP-hardness, we
give a reduction from Arrernaring PartrTion, which is the following NP-complete
variation of Partrtion [Garey and Johnson 1979, p. 223]: Given n pairs of positive
integers (ug, v1),...,(uUn, Vvy), are there two nonempty disjoint sets of indices I and
Jwith TuJ = {1,...,n} such that Yic| Ui + X jes Vj = Zier Vi + Zjes Uj?

Consider an instance of ALTERNATING PARTITION (Ui, V1),...,(Un,Vn). Let S =
(Ui + Vi), @ = Uiy o An(i) and by = (vi) o An(i), L < i< n,and letc = (3) o 1n.
For these numbers, we use base Z = 2 - S - n, which is large enough such that no
carry-overs from one digit to the next occur in the following additions.

The a;’s, bj’s, and ¢ are an instance of ESS witn ExrorceD ELEMENT Such that c,
which is the last element in the input, is the enforced element. We show that there
exists a solution for the ALrernariNG ParTiTION instance if and only if there exists a
solution for the ESS with ExrorcED ELEMENT instance.

Assume that index sets | and J are a solution for the ALTERNATING PARTITION
instance. Then Yigi Ui + YjesVj = SialVi + DjesUj = 5. Let X = {c} and
Y={aj|iel}u{bj|jeJ}. Then

sum(Y) = Zai+ij
il jed
= > (Ui o Aq(@)) + > (Vi) 0 An(i))
il jed
= QUi+ ) Ve () Anli)+ D Ax(i))
il jed il jed
= 30
i=1
= (3ol

= sum(X),



COMPLEXITY OF EQUAL SUM SUBSETS 159

thus, X and Y are a solution for the ESS wrtH Exrorcep ELEMENT instance.

For the opposite direction, let X and Y be a solution for the ESS witin ENFORCED
ELemMenT instance with ¢ € X. All numbers in the input have n + 1 digits. For each
index i € {2,...,n+ 1}, only three numbers, namely c, g and b;, have a 1 in the
i’th digit, all other numbers in the input have a 0 in the i’th digit. For each digit
the sum over all elements in X and in Y yields the same result. Therefore, since
c € X, exactly one of g or bj can be in Y for each 1 < i < n. Moreover, X = {c},
since any other element would add a second 1 in some digit i, which then could
not be equalized by elements in Y. Summing up the first digit of all elements in Y
yields exactly the first digit of ¢, which is 3. Thus, | := {i € {1,...,n} | & € Y}
and J := {j € {1,...,n} | bj € Y} yield a solution for the ALTERNATING PARTITION
instance. o

We now show that ESS witn ENrForcep ELEMENT iS NOt NP-complete in the strong
sense.

TueoreM 3. ESS witn ENrorcED ELEMENT Can be solved in pseudo-polynomial time
O(n? - S), where S = sum (A).

Proor. We present a dynamic programming algorithm similar to the algorithm for
ESS witn Excrusions. We use the same Boolean variables without the requirement
of excluding elements. More specifically, F(k, t) will be TRUE if there exists a set
X € Asuch that X C {ay,...,a}, ax € X, and sum (X) = t.

We compute the value of all variables F(k, t) by iterating first overt € {1,...,S},
where S = sum (A) and then over k € {1,...,n}. The algorithm runs until it finds
the smallest t for which there is an index k # n such that F(k,t) = F(n,t) = TRUE;
in this case, the corresponding sets constitute a solution because they have the same
sum, they are disjoint due to minimality of t, and &, is present in one of them. Note
that it is not hard to reconstruct these sets.

Initialization is done as before and the recursive computation is now much sim-
pler:

k-1
Fot) = \/Flet-a).
=1

As before, the computation of F(k,t) takes time O(n), and the total time com-
plexity of the algorithm is O(r? - S). o

3.3 Alternating equal sum subsets

We now turn to the problem Avrrernating EquaL Sum Sussets, which is the “par-
tial” equivalent of ALrerNATING ParTITION, Which we used in the previous proof. In
ALTERNATING EQuAL Sum Sussets, we are given pairs of numbers and we require for
each element that we use in one set that its partner will be in the other set. Formally,
the problem is defined as follows:
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DerintTion 4. (ALTERNATING EQuAL Sum Sussets) Given n pairs of positive integers
(ug,v1), ..., (un,Vvp), are there two nonempty disjoint sets of indices | and J such

that 3ic) Ui + Xjey Vj = Xiet Vi + 2Zjeg Uj?

We show that this problem is NP-complete by reduction from EquaL Sum Sus-
SETS.

TueoreM 4. ALTERNATING EQuaL Sum Sussets is NP-complete.

Proor. The problem is obviously in NP. For the proof of NP-hardness, we give
a reduction from EquaL Sum Sussers. Given an instance of EQuaL Sum SuBSETS,
i.e., a set of numbers A = {a;, ..., an}, we reduce it to an instance of ALTERNATING
EquaL Sum Sussers by setting B = 2 - 7, a; and mapping each number & to
a pair (ui, Vi), with uj = B + aj and v; = B. Note that we use offset B only for
technical reasons, since all input numbers for Arternaring EQuaL Sum Sussgts are
required to be positive. Clearly, if there are nonempty disjoint sets X,Y < A such
that sum (X) = sum(Y), then | := {i | & € X} and J := {j | a; € Y} are disjoint
index sets such that i Ui + X jes Vj = Ziel Vi + X jey Uj. Conversely, if there is a
solution for the ALternatiNG EQuaL Sum Sussets instance, i.e., appropriate sets of
indices I and J, then the sets X = {g [i e I} and Y = {a; | j € J} form obviously a
solution for the EquaL Sum SusseTs instance. o

We now show that ALternaTING EqQuaL Sum Sussets admits a pseudo-polynomial
time algorithm.

TueoreM 5. ALTERNATING Equar Sum Sussets can be solved in pseudo-polynomial
time O(n? - S2), where S = Y4 i<, Max{ui, vi}.

Proor. We present a dynamic programming algorithm similar to the algorithms
for ESS with Enrorcep ELemeNT (Thm. 3) and ESS with Excrusions (Thm. 1).

Let U = {ug,...,up}and V = {vq,...,vy}. We use Boolean variables F(k, t;, to)
forke{l,...,n},t1,to € {1,...,S} which will be TRUE if there exist sets X,Y C
{ug,...,Uuq} U{vy,..., vk} such that:

oforallie{l,...,k—1}itholdsuyye X ovieYandvie X s ujeY,
o eitheruy e XAvgeYorvgie XAuceY,
o sum (X) =ty and sum (Y) = t,.

The algorithm computes the value of all variables F(k,t,t;) by iterating first
overt; € {1,...,S}, then over t, € {1,...,S}, and finally over k € {1,...,n}.
The algorithm runs until it finds a value t for which there is an index k such that
F(k, t,t) = TRUE; in this case, the corresponding sets constitute a solution and it is
not hard to reconstruct them from the table entries. The variables are initialized in
a way similar to the one in the proof of Thm. 1.

The recursive computation is as follows:

k-1

Fotit) = \/[F(lt - ety —vi) v F(G b - Viot2 — )]
=1



COMPLEXITY OF EQUAL SUM SUBSETS 161

The computation of F(k, 11, t,) takes time O(n), and the total time complexity of
the algorithm is O(n? - S?). o

4. Complexity of Factor-r Sum Subsets

In this section, we study the Factor—r Sum Sussets problem, where we ask for two
subsets such that the ratio of their sumsisr.

DerintTioN 5. (Factor—r Sum Sussers) Given a multiset A of n positive integers,
are there two nonempty disjoint subsets X, Y C A such that sum (X) = r - sum(Y)?

For r = 1, the problem is exactly EquaL Sum Sussers and therefore is NP-
complete [Woeginger and Yu 1992]. Here we show that Factor-r Sum SuBSETs
is NP-complete for any fixed rational r > 0. The proof of NP-hardness consists of
two different reductions from Exact 3—SAT, where the second reduction is just for
the cases r =2 and r = 1.

Lemma 1. Factor—r Sum Sussers is NP-hard for any rational r > 0 with r ¢
{1,2,3).

Proor.  We present a reduction from Exact 3-SAT, which is an NP-complete
restriction of ONe—IN—THREE 3—-SAT [Garey and Johnson 1979, p. 259] defined as
follows: Given a set of m clauses ¢y, ..., Ccyn over n Boolean variables xq, ..., Xp
such that each clause contains three positive literals, is there a (satisfying) assign-
ment for the variables that satisfies exactly one literal per clause?

Let r = p/q, where p and q are positive integers with no common divisor except
1 (coprimes) and p < g. (The case p > q is equivalent by interchanging sets X and
Y in the problem definition.) We consider several cases, depending on the values of
p and g. We only give a detailed proof for the first case; for the other cases the proof
is quite similar, so we just mention the construction of the necessary numbers.

Case 1: p > 3. Consider an instance of Exact 3—-SAT with a set of n variables V =
{v1,...,Vn} and a set of m clauses C = {c;,...,Cm}. An instance of Factor—r Sum
Sussers is constructed as follows. For each variable v a number a; = 3.,cc; Am(J)
is defined. Value a has m digits, and its non-zero digits correspond to clauses
where v;j appears. Two additional numbers a,,1 and a,» are constructed which are
multiples of 1n: ans1 = (p—1) - 1 and any2 = g - 1. For all numbers we use
base Z = gq(p+q+2)+ 1. This way we will avoid carry-overs from one digit to the
next when adding &’s. Let A = {ay, ..., an:2}. In the following, we show that there
is a solution for the Exact 3-SAT instance if and only if there are two nonempty
disjoint subsets X, Y C A such that sum (X) = r - sum (Y).

“oNLy IF”; Assume that there exists an exact satisfying assignment for the clauses in
C. This implies that there exists a subset R C {&, ..., an} such that sum (R) = 1,
since for each clause c; there is exactly one of the three variables in ¢j set to TRUE,
say Vg, and the corresponding a has a 1 in the j-th digit. We define a set R to
contain exactly these g’s; then sum(R) = 1. Hence, by setting X = R U {an;1}
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and Y = {aps2}, we have sum(X) = p-1p=r-q -1y =r-sum(Y), thus X and Y
yield a solution for the Factor—r Sum SussgTs instance.

¥ For the opposite direction, assume that non-empty sets X, Y exist such that

sum (X) = r-sum (Y); equivalently, g-sum (X) = p-sum (Y). Observe that summing
the i’th digit of all numbers in the input set A yields p + g + 2. Moreover, even
when multiplying each number in A by g we get only total g(p + g + 2) in the i’th
digit, and no carry-overs occur, since we choose base Z sufficiently large. Since
g-sum(X) = p-sum(Y), we have qx; = pyi, where x; and y; are the i’th digit
of sum (X) resp. sum(Y), for 1 < i < n. This implies that for each digit i either
Xj =Yj = 0, or g divides y; and p divides x; (since p and g are coprimes). Observe
that not all digits can be 0, since we have assumed that X and Y are non-empty.

We now show that x; = p and y; = q for every non-zero digit j: Since p divides
xj and q divides yj, there exist two positive integers k and ¢ such that x; = k - p
and yj = ¢-g. Then gx; = py; implies that k = £. Moreover, we have p + q + 2 >
Xj+Yj = k(p+q), hence 2 > (k — 1)(p + q), and this inequality can only hold for k
=1, since g > p > 3 and k is positive. Thus, x; = pand y; = q.

Since only five numbers in A have non-zero value in the j’th digit, and the corre-
sponding values are 1,1, 1, p—1 and g, we can only achieve x; = p if X = {an,1}UR,
where R is a subset of A such that sum (R) has a 1 in the j’th digit. Thus, the only
way to getyj = qisto have Y = {an,2}. Since an,1 has value p—1 in every digit, no
digits in sum (X) can be 0, hence also in sum (Y). Thus, the variables corresponding
to numbers in R form an exact satisfying assignment for the given clauses.

We now sketch the proof for the remaining combinations of values of p and q:
Case 2: p = 3,9 > 4. Numbers ay,...,a, are constructed as in Case 1, a,41 =
3-1p,and api2 = (- 1) - 1p.

Case 3. p = 3,9 = 4. Numbers ay,...,a, are constructed as in Case 1, a,41 =
3 N lm, and an+2 = 2 . 1m.

Case 4: p = 2,9 > 3. Numbers ay, ..., a are constructed as in Case 1, and only
one additional number a,,1 = (q— 1) - 1, is used.

Case 51 p = 2,q = 3. For each variable v let aj = Xy; 3 - Am(]), i.€., & has a
digit 3 in each position that corresponds to a clause that contains y. We also set
any1 = 1m. Note that sum (A) = 10 - 1,,. As in Case 1, the direction “only if” is
easy: any exact satisfying assignment for the clauses in C corresponds to humbers
a; that add up to 3- 1, which together with a, .1 constitute X. For the “if” direction,
we observe that the only way to have the required ratio is by having two sets X and
Y such that sum (X) = 4 - 1, and sum(Y) = 6 - 1n; this implies a,,1 € X, and
for each j € {1,...,m} there is exactly one further number g € X that has non-
zero digit j. Hence, the variables corresponding to X — {&,.1} constitute an exact
satisfying assignment.

Case 6: p =1,q > 2. Numbers ay, ..., a, are constructed as in Case 1, and there
is only one additional number a,;1 = q - 1. O

LemMA 2. Factor—r Sum Sussets iS NP-hard forr =2 and r = %
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Proor. We use a restricted, but still NP-hard version of Exact 3-SAT for a re-
duction to Facror—r Sum Sussers for the case r = 2 (of course, the case r = % is
identical). In the following, let always r = 2. Given an Exacr 3-SAT instance with
variables vy, ..., v, and clauses ¢y, . . ., cy With only positive literals, let G = (V, E)
be the graph with vertices V = {vi, ..., vy} (i.e., each variable corresponds to a ver-
tex) and, for i, j € {1,...,n}, edges (v;,v;j) € E if and only if v; and v;j both occur
in a clause ¢y, for some k € {1,...,m}. The Exact 3-SAT variation in which the
corresponding graph G is connected is still NP-hard, because we could use a poly-
nomial algorithm for this variation to solve the unrestricted Exact 3—-SAT problem
by applying the algorithm to each component of the corresponding graph.

We reduce Exact 3-SAT with a connected graph to Factor—-r Sum Sussets as
follows. We construct an instance A of Facror—r Sum Sussers by defining one
number a; for each variable v by aj := X.cc; An(]), Where we set the j-th digit to
1if v; appears as a literal in clause cj. We let the base Z of these numbers be 7.
Observe that among all g’s there are exactly three ones in each digit.

Assume that we are given an exact satisfying assignment for the variables of
the Exact 3-SAT instance. We then construct sets X,Y C A, where Y contains
all numbers a; for which the corresponding variable v has been set to TRUE, and
X contains all remaining numbers. Thus, sum(Y) = (1,1,...,1) and sum(X) =
2,2,...,2), and therefore, X and Y yield a solution for the Factor—r Sum SuBsets
instance.

For the opposite direction, assume that we are given a solution X and Y for the
Factor—r Sum Susskerts instance with sum (X) = 2 - sum (Y). Since each digit is set
to 1 in exactly three of the numbers &, and since no carry-overs can occur when
summing up the a’s because base Z is sufficiently large, sum (Y) must contain only
ones and zeros in its digits, and sum (X) contains only twos and zeros. Since the
sets are not empty, at least one digit must be set to 1. We assign the value TRUE
to a variable v; with corresponding number g if a; € Y, and we assign the value
FALSE, if a; € X. Thus, if a clause ¢j = (v¢, Vg, vn) exists, then either one of the
three numbers as, ag, or ay is in 'Y and the other two numbers are in X, or neither
XnorY contain as, ag, Or a,. In the latter case, we know that sum (X) and sum (Y)
would contain a 0 at position j.

However, the humbers sum (X) and sum (Y) cannot contain any zero digits be-
cause of the connectedness of graph G. In order to see this, assume for the sake of
contradiction that sum (Y) contains some digits that are 0. Then sum (X) must have
digits with value O at the same positions. Consider the set S of all variables that
occur in clauses which correspond to zero digits in sum (X) and sum (Y). Then the
subgraph of G with only the vertices corresponding to variables from set S must
be a component in the graph G without any edges to other vertices: If such an
edge existed, it would imply that the corresponding digit is not set to 0 in either
sum (X) or sum(Y). To see this, consider an edge e = (v¢, Vg) arising from clause
Cj = (v, Vg, Vn) Withvi € S and vy ¢ S. Thenag € X UY, but as (and a,) must be
in X U'Y as well, in order to achieve the factor 2 in the j-th digit.

Thus, there can be no zeroes in any digit in sum (X) or sum (Y), and our assign-
ment is a solution for the Exact 3—-SAT instance. o
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Since Factor—r Sum Susskers is obviously in NP, Lemmata 1 and 2 and the NP-
completeness of EquarL Sum SusskeTs Yield the following theorem.

THeEOREM 6. FacTor—I Sum Sussets IS NP-complete for any rational r > 0.
However, Factor—r Sum Susserts is not NP-complete in the strong sense:

Tueorem 7. Factor—t Sum Sussets can be solved in pseudo-polynomial time O(r?-
S2), where S = sum (A).

Proor. We present a dynamic programming algorithm that combines techniques
used in the pseudo-polynomial algorithm for EquaL Sum Suesets by Bazgan, San-
tha and Tuza [Bazgan et al. 2002] and the algorithm for Arrernaring EQuaL Sum
Sussets (Thm. 5).

We use Boolean variables F(k,t;,tp) for k € {1,...,n}, t1,tp € {1,...,S} which
will be TRUE if there exist disjoint subsets X,Y < A such that sum (X) = t,
sum(Y) =ty,andax e XUY.

The algorithm fills the table in the same order as in the proof of Thm. 5 using the
following recursion:

k-1

Fk,t1,t) = \/[F(f, ty —ak, ) vV F(l,t,th —ay) ]
=1

The algorithm stops once it finds a value t for which there is an index k such that
F(k,t,rt) is TRUE; the corresponding sets constitute a solution which is easy to
find.

The computation of each entry F(k, t1, t;) takes time O(n), hence the total time
complexity of the algorithm is O(r? - S2). o

Remark 1. The above complexity bound does not depend on r, therefore the result
holds even if r is given as part of the input.

5. Complexity of k Equal Sum Subsets

5.1 NP-completeness of k equal sum subsets

We now turn to the generalization of Equar Sum Sussets where we ask for k subsets
of equal sum, instead of two. This is the problem k EquaL Sum Sussers (Defini-
tion 2). We first show its NP-hardness by reduction from ALTERNATING PARTITION.

TueoreM 8. K EquaL Sum Sussets is NP-complete for any k > 2.
Proor. The problem is obviously in NP. To show NP-hardness we reduce ALTEr-

NATING PArTITION tO it. We transform a given ALTERNATING PArTITION instance with
pairs (Ui, v1),..., (Un, Vy) into a k EquaL Sum Susskers instance as follows. For each
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pair (uj, vi) we construct two numbers uf = (uj)o An(i) and vi = (vj)o An(i). In addi-
tion, we construct k — 2 (equal) numbers ci, ..., Ck_» with ¢; = <% >i(ui + Vi) o 1p.
We set base Z = (n + 1) - k- 3;(ui + vj), which is chosen sufficiently large to en-
sure that no carry-overs from one digit to the next occur in any of the following
additions.

Assume that we are given a solution for the ALrerNATING PaRTITION instance, i.e.,
two index sets | and J such that X Ui + X jey Vj = Xier Vi + 2jeg Uj. We construct
k equal sum subsets Sy,...,Sk as follows. Fori=1,...,k—2, we let S; = {cj}; for
the remaining two subsets, we let f € Sy, ifi € I, and v{ € S¢_g, if i € J, and we
letu; € Sy, ifi€ J,and V] € S, if v; € 1. Obviously, all Sj sum up to the same sum
<% >i(ui +vj)) o 1y, thus we have a solution for the k EquaL Sum Susskers instance.

For the opposite direction, assume that we are given a solution for the k EquaL
Sum Susskerts instance, i.e., k equal sum subsets Sq,...,Sk. Since each of the n
rightmost digits is set to 1 in exactly k numbers, we can assume w.l.0.g. that S; =
{ci} fori=1,...,k—2. The remaining two subsets naturally form an alternating
partition, as uf and v{ can never be in the same subset for any i = 1,...,n, and all
numbers ui and v; must occur in one of the remaining two subsets in order to match
the ones in the n rightmost digits of the other subsets. o

5.2 k equal sum subsets for k = O(1) and k = Q(n)

We now study the impact of the size of parameter k on the complexity of k EquaL
Sum Susskers. In particular, the following two theorems show that the problem can
be solved in pseudo-polynomial time if k is a constant, while it becomes strongly
NP-hard if k is linear in n.

Tueorem 9. The problem k EquaL Sum Sussers with input A = {as, ..., ay} can be
solved in time O(E‘k—ik), where S = sum (A). For k = O(1), this time complexity is
pseudo-polynomial.

Proor.  We present a dynamic programming algorithm for k EquaL Sum Sus-
sets that uses basic ideas of well-known dynamic programming algorithms for Bin
Packing with fixed number of bins (for the definition see [Garey and Johnson 1979,
p. 226]).

For an instance A = {ay,...,an} of kK EQuaL Sum Susskers, let S = sum (A). We
define Boolean variables F(i, s, ..., s), where i € {1,...,n}and s € {0, ..., L%J},
for 1 < j < k. Variable F(i, s1, . . ., Sx) will be TRUE if there are k disjoint subsets
Xi, ..., X C f{ag,...,a} with sum (Xj) = sj, for 1 < j < k. Given this, there is
a solution for the k EquaL Sum Susserts instance if and only if there exists a value
se{l,...,$]}such that F(n,s,...,s) = TRUE.

Clearly, F(1,s1,...,s«) is TRUE if and only if either 5; = 0, for 1 < i < Kk,
or there exists index j such that s; = a; and s; = 0, forall 1 < i < k,i # ].
Forie{2,...,n}and s; € {0,...,LSFJ}, variable F(i, s1,..., Sk) can be expressed
recursively as
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F@,s1,...,%) = F(i—-1,51,...,8) V

F(i—1,s1,...,8j-1,S) — @, Sjs1,- - - Sk)-
1<j<k, sj—aj=0

The Boolean value of all variables can be determined in time O(L‘ks—_i), since there

are nLSFJk variables, and computing each variable takes at most time O(k). This
yields the claim. g

The previous theorem shows that there is a pseudo-polynomial time algorithm for
k EquaL Sum Susskrs if K is a fixed constant. We now show that this it is unlikely
that the problem admits a pseudo-polynomial algorithm if k is a fixed function of
the cardinality n of the input set. In fact, we prove that k EQuaL Sum SuBseTs is
strongly NP-complete if k = Q(n).

Tueorem 10. k EquarL Sum Sussets is NP-complete in the strong sense for k = %
for any fixed integer p > 2.

Proor. The problem is obviously in NP. To prove strong NP-hardness, we give
a reduction from 3-PartiTioN, Which is NP-complete in the strong sense [Garey
and Johnson 1979, pp. 99-100] and defined as follows: Given 3n positive integers
G1.....0zn and an integer h such that X3 gi = nhand & < g < &, fori e
{1,...,3n}, are there n disjoint triples of g’s such that each triple adds up to h?

Let Q = {q1,...,q3n} and h be an instance of 3—Partrrion. If all elements in Q
are equal, then there is a trivial solution. Otherwise, letr =3-(p-2) + 1 and

ai = (Qi)o0, forl<i<3n,
bj = (hyoOy, forl< j<2n, and
dem = (0)oAr(f), forl<f<r,l<m<n.

Here, we use base Z = 6nh for all numbers. Let A be the multiset that contains all
numbers a;,bj and d,,. Multiset A is an instance of k EquaL Sum Sussers. The
cardinality of Aisn’ =3n+2n+r-n=5n+3-(p—-2)+1)-n=3pn. Sincerisa
constant, the numbers & and b; are polynomial in h, and numbers d;, are bounded
by a constant. We now prove that there is a solution for the 3—ParrrtiON instance if
and only if there are k = % = 3n disjoint subsets of A with equal sum.

“oNLy 1F”; Assume that there is a solution for the 3—PartrTION instance, i.e., n triples
T1,..., Tn that each sum up to h. This induces n subsets of A with sum ¢h) o G,
namely Sy = {aj | gi € Tx}. Together with the 2n subsets that contain exactly one
of the bj’s each, we have 3n subsets of equal sum ¢h) o 0.

“iv””; Assume that there is a solution Sq,...,S3y for the k EquaL Sum SuBsers
instance (recall that for our instance k = 3n.) Let S; be any set in this solution.
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Then sum (S ;) has a zero in the r rightmost digits, since for each of these digits
there are only n numbers in A for which this digit is non-zero, which are not enough
to have one of them in each of the 3n sets Sj. Thus, only numbers & and b; can
occur in the solution; moreover, we only need to consider the first digit of these
numbers, as the other are zeros.

Since not all numbers g; are equal, and the solution consists of%’ = 3n disjoint
sets, there must be at least one bj in one of the subsets in the solution. Thus, for
1 < j < 3n, we have sum(S;) > h. On the other hand, the sum of all &’s and of
all bj’s is exactly 3n - h, therefore sum (Sj) = h, for all 1 < j < 3n, which means
that all a;’s and all b;’s must appear in the solution. More specifically, there must
be 2n sets in the solution such that each of them contains exactly one of the by’s,
and each of the remaining n sets in the solution consists only of g’s, such that the
corresponding g;’s add up to h. Thus, the latter sets immediately yield a solution
for the 3—ParTiTION iNnStance. o

5.3 k equal sum subsets with equal cardinalities

In this section, we study k EquaL Sum Susskers in the setting where we do not only
require the subsets to be of equal sum, but to be of equal cardinality as well. This
yields the following three problem definitions, depending on whether the cardinal-
ity is part of the problem definition (k ESS or CarbiNaLITY C), part of the input (k
ESS or Speciriep CARDINALITY), OF not specified at all (k ESS or EqQuaL CARDINAL-
ITY).

DeriniioN 6. (K ESS orF CarpiNaLITY €) Given a multiset A of n positive integers,
are there k nonempty disjoint subsets Si,...,Sk € A with sum(S;) = ... =
sum(Sk) such that each S; has cardinality c?

DeriniTioN 7. (K ESS or Speciriep CarbiNnaLiTy) Given a multiset A of n positive in-
tegers and a positive integer c, are there k nonempty disjoint subsets S,...,Sx C A
with sum(S1) = ... = sum(Sy) such that each S; has cardinality c?

DeriniTion 8. (K ESS or EquaL CarbivaLiTy) Given a multiset A of n positive inte-
gers, are there k nonempty disjoint subsets Sq,...,Sx € Awith sum(S;) = ... =
sum(Sy) such that all S;’s have the same cardinality?

We show that the the first problem can be solved in polynomial time (note that
in this case, the cardinality c is a fixed constant), while the other two problems are
NP-complete.

Tueorem 11. The problem k ESS or CarbivaLITy € can be solved in time O(n€).

Proor. We use exhaustive search: We simply compute all N = (2) subsets of the

input set A that have cardinality c; then we consider all Q) possible combinations
of k subsets, and for each one we check if it consists of disjoint subsets of equal
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sum. This algorithm needs time O(n®), which is polynomial in n because ¢ and k
are constants. o

Next, we show that k ESS or Speciriep CarDINALITY, Where the size of the subsets
is given as part of the input, is NP-complete, by modifying the reduction from
ALTERNATING PaRrTITION USEd in the proof of Thm. 8 to show NP-completeness of k
EquaL Sum SUBSETS.

TueoreM 12. k ESS or Specipiep CArDINALITY iS NP-complete for any k > 2.

Proor. The problem is obviously in NP. To show NP-hardness, we transform a
given ALTERNATING ParTrTION instance (Ui, V1), ..., (Un, Vq) into a k ESS oF SpeciFiED
CarpINALITY instance as follows. Let S = Y1 (uj + v;). For each pair (uj, vi) we
construct two numbers ui = (Ui o An(i) and v; = (Vi) o Ap(i). In addition, we
construct k — 2 (equal) numbers by, ..., bx_» with bj = (%) o Ap(n). Finally, for
each b; we construct n — 1 numbers di j = (0) o Ap(j), for 1 < j < n—1. We set
the base of the numbers to (n + 1) -k - S in order to ensure that no carry-overs from
one digit to the next occur in any additions in the following proof. The set A that
contains all u;’s, v{’s, bj’s, and di;’s, together with chosen cardinality ¢ := n, is our
instance of k ESS or SpecIFIED CARDINALITY.

Assume first that we are given a solution for the ALterNaTING PARTITION inStance,
i.e., two index sets | and J. We construct k equal sum subsets S, ..., S as follows.
Fori=1,...,k—2,wesetS; = {bj,dis,...,djs1}; for the remaining two subsets,
we let uj € Sy, ifi eI, and v’j € Sy, if j € J, and we let u’j € S, if je J,and
v; € S, ifi € 1. Clearly, all these sets have n elements, and their sum is <5§> o 1.
Hence, the sets S; yield a solution for the k ESS or Speciriep CARDINALITY instance.

For the opposite direction, assume that we are given a solution for the k ESS or
Speciriep CARDINALITY instance, i.e., k equal sum subsets Sy, ..., Sk of cardinality
n. In this case, all numbers participate in the sets S;, since there are exactly k - n
numbers in the input A. The elements in each set Sj sum up to (%)01n by definition.
Since the first digit of each bj equals % we may assume w.l.o.g. that for each
ie{l,...,k—2},setS;contains bj and does not contain any humber with non-zero
first digit, i.e., it does not contain any u; or any vi. Then all ui’s and v;’s, and
only these numbers, are in the remaining two subsets. This yields immediately a
solution for the Acrernaring PartrTION inStance, as the two subsets yield the same
sum (%) o 15, and since u; and v; can never be in the same subset, as both have the
(i + 1)-th digit non-zero. o

Note that the above reduction works in a similar fashion for the problem k ESS or
EquaL CarpiNaLiTy. This requires to employ a method where additional extra digits
are used in order to force the equal sum subsets to include all augmented numbers
that correspond to numbers in the AcrernaTiNG ParTrTION inStance; a similar method
has been used by Woeginger and Yu [Woeginger and Yu 1992] to establish the NP-
completeness of Equar Sum Sussers (called EquaL-Susser-Sum there).

We finally show that the problems k ESS or Speciriep CarpiNaLiTy and k ESS or
EquaL CarbiNaLITY are not strongly NP-complete for fixed constant k, by describ-
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ing a dynamic programming algorithm for the two problems that needs pseudo-
polynomial time.

Tueorem 13. The problems k ESS or Speciriep CarpINALITY and Kk ESS oF EqQuaL
CarpiNaLITY With input A = {a,...,ay} can be solved in time O(%), where

S =sum (A). For k = O(1), this time is pseudo-polynomial.

Proor. The algorithm is very similar-in-spirit to the dynamic programming algo-
rithm from Thm. 9. In fact, it suffices to add to our variables k more dimensions
corresponding to cardinalities of the subsets. More precisely, we define Boolean
variables F(i, sy, ..., Sk, C1,...,Ck), Where i € {1,...,n}, sj € {0,...,LSFJ}, for
1<j<kandcje{0,...,[f]}, forl < j<k. Variable F(i,sq,..., s C1,...,Ck)
will be TRUE if there are k disjoint subsets X,..., Xk € {ai,...,aj} such that
sum (Xj) = sjand [Xj| = c¢j, for 1 < j < k. There are k subsets of equal sum
and equal cardinality ¢ if and only if there exists a value s € {1,..., L%J} such that
F(n,s,...,s,c,...,c) = TRUE. Moreover, there are k subsets of equal sum and
equal (non-specified) cardinality if and only if there exists a value s € {1, ..., L%J}
andavalued e {1,..., LEJ} such that F(n,s,...,s,d,...,d) = TRUE.

Clearly, F(1,s1,...,5,C1,...,Ck) = TRUE if and only if either 5 = 0and ¢; = 0,
for 1 < i <k, or there exists an index j such that s; = a;,cj = 1, and sj = 0 and
ci=0foralll<i<k,i#].

Fori e {2,....n}, sj € {0,...,[3]}, and ¢j € {0,...,[}]}, the truth value of
variable F(i, s1,..., Sk, C1, ..., Ck) can be expressed recursively as

F@,s:,...,5,C1,...,¢ck) = F(@{i—-1,81,...,%,C1,...,Ck) V

FGi-1,s1,...,8j—@,...,%C1,...,Cj —1,...,Ck).
1<j<k, sj—ai=0, ¢j>0

. . . . k.qk+1 .
The Boolean value of all variables can be determined in time O(Skz%), since

there are n - |2 ¥ - | R ¥ variables, and computing each variable takes at most O(k)
time. This yields the claim. o

RemMARk 2. A theorem similar to Thm. 10 can be shown for both k ESS or Speciriep
CarpivaLity and k ESS or EquaL CarpiNaLITY, Namely that they are NP-complete
in the strong sense for k = Q(n).

6. Conclusions and Open Questions

We studied several variations of the Equar Sum Sussets problem: We gave (pseudo-
)polynomial time algorithms and proved NP-completeness for several variations of
EquaL Sum Sussets where the choice of elements is restricted. Furthermore, we
proved analogous results for the variation where we specify a rational factor be-
tween the sum of the two subsets. Our techniques can be used to obtain similar
results for even more variations of EquaL Sum Sussets, for example for ESS or
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Dirrerent CArRDINALITY, Where we ask for two equal sum subsets of different car-
dinality, and for ESS rrom Two Sets, where we ask for two subsets of equal sum
that are drawn from two different sets; for detailed proofs of NP-completeness of
those problems and of further variants the reader is referred to [Cieliebak et al.
2002] and [Cieliebak 2003]. Let us also note that it is not hard to devise pseudo-
polynomial time algorithms for all those problems by appropriately adapting algo-
rithms presented in this work.

We also studied the case where we ask for k > 2 equal sum subsets, and showed
that the problem becomes strongly NP-hard if the number of subsets is linear in n
(the size of the input), while it can be solved in pseudo-polynomial time if we ask
for only a constant number of subsets. In the latter case (constant k), if we require
in addition that all subsets be of equal cardinality, then the problem is polynomial-
time solvable if the cardinality is also constant, while it is NP-hard otherwise (but
not in the strong sense).

Our studies call forth several questions in the realm of EquaL Sum Susskets that
are still open:

o The problem k EquaL Sum Susserts is solvable in pseudo-polynomial time
for constant k, while it is strongly NP-complete for k linear in n. What is
the exact borderline between pseudo-polynomial time solvability and strong
NP-completeness?

o The dynamic programming algorithms for k EquaL Sum Sussets and its vari-
ations run in pseudo-polynomial time if k = O(1). However, their running
times are highly exponential in k. Moreover, there exists a gap between the
time complexity of the pseudo-polynomial time algorithm for EquaL Sum
Sussets [Bazgan et al. 2002], which is O(n?S), and the complexity of the
algorithm described in Theorem 9 for k EquaL Sum Sussers which is O(nS?)
for k = 2 (note that the algorithm works for any k > 2). Thus, the existence
of faster algorithms for k EquaL Sum Susserts in the general case, or at least
for small constant values of k, is a clear possibility. Finding such algorithms
is an interesting open problem.

o We have only studied problems where the subsets need to have sums of ratio
exactly 1 (or, more generally, r > 0). There are natural optimization versions
related to the studied problems; for instance such a version of k EquarL Sum
Sussets might ask to find k subsets of a given set A such that the ratio between
the greatest and the smallest sum, among the k subsets, is minimized. This
problem has been studied only for k = 2 by Woeginger and Yu [Woeginger
and Yu 1992], who gave a 1.324-approximation algorithm, and by Bazgan,
Santha and Tuza [Bazgan et al. 2002], who presented an FPTAS. As far as
we know the approximability of the problem for k > 2 is open.

A closely related problem is MurripLe Knapsack, which is the generaliza-
tion of Knapsack in which multiple knapsacks are given instead of only one.
Chekuri and Khanna [Chekuri and Khanna 2005] have recently shown the
existence of an FPTAS for MurripLe Knapsack, while a PTAS for the case
of identical bins (Unirorm MurripLe Knapsack) had been earlier given by
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Kellerer [Kellerer 1999]. One might be tempted to use one of those approx-
imation schemes as a ‘black box’ in order to obtain an FPTAS for the opti-
mization version of k EquaL Sum Sussets; however it is not obvious how to
do this in polynomial time, since one might need to check all possible sum
values in order to find a solution close enough to the optimal (it is not hard to
see that a mere binary search would not work).

o Going back to the case of two subsets, one might wonder whether the tech-
niques used in [Bazgan et al. 2002] (see above) can be adapted in a straight-
forward manner in order to derive an FPTAS for the problem that asks for
two sets with ratio as close to r as possible, for any fixed ratio r > 0 (this
can be seen as the optimization version of Factor—r Sum Sussets). Unfor-
tunately, there seems to be no easy way to do this for the following reasons.
A fundamental ingredient of the FPTAS proposed in [Bazgan et al. 2002] is
a pseudo-polynomial dynamic programming algorithm that solves the opti-
mization problem exactly. That algorithm, similar to our algorithm for ESS
witH Excrusions, fills two tables, one with Boolean entries and one with en-
tries that are sets of elements. The correctness of the algorithm depends cru-
cially on the fact that the first time two subsets of equal sum are found, the
algorithm can immediately stop returning an optimal solution. However, this
would not work for Factor—r Sum Sussers, since in this case there can be two
subsets of equal sum which certainly (for r # 1) do not constitute a feasible
solution but may participate in a feasible solution; hence, both subsets should
be stored, possibly resulting to an exponential blow-up of the space needed.
It therefore remains open whether one can obtain an FPTAS for this problem
by devising a more involved adaptation of the above mentioned FPTAS, or
by using different techniques.

o In the context of optimization variations it is worth investigating whether
there is any generic algorithmic technique that can be used to obtain ap-
proximation schemes for such problems. Pruhs and Woeginger [Pruhs and
Woeginger 2004] have developed such a tool for a wide class of subset selec-
tion problems; unfortunately, their technique applies only to problems where
one subset is sought. The question is whether a similar technique can be
developed, appropriate for problems that ask for two or more subsets with
specific properties.
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